Abstract. We use three different methods to count the number of lines in the plane whose intersection with a fixed general quintic has fixed cross-ratios. We compare and contrast these methods, shedding light on some classical ideas which underly modern techniques.
Introduction
Enumerative geometry has historically been very influential in the development of new techniques in algebraic geometry. An example from the past decade is the persistent use of stable maps to count rational curves in Fano varieties. In the thesis of the first author, the more recent innovation of twisted stable maps (AbramovichVistoli [2] ) was used to count curves having specified tangency conditions to a hypersurface. This paper uses the same moduli spaces to solve a different type of enumerative problem: instead of the tangency conditions, we fix the moduli of the intersection. This requires a type of descendent Gromov-Witten invariants where one fixes the isomorphism type of the source curve and a degeneration axiom in the context of twisted stable maps. With these tools at our disposal the enumerative problem considered here is answered quite easily. However, to prove that the answer that we obtain is enumerative and to illustrate the main ideas in a transparent way, we include also two classical approaches to the same enumerative question.
Concretely, we solve the following classical enumerative problem. Fix a general plane quintic curve D and a configuration of 5 points in P 1 . How many lines in the plane intersect the curve D in a configuration projectively equivalent to the given one? A more precise equivalent question is to find the degree of the generically finite rational map φ :P
which sends a line L to the moduli of the intersection D∩L (regarded as a quintuple of unordered points in L ∼ = P 1 ). Our main result is to answer to this question as follows:
Main Theorem. For a general plane quintic D, the natural map
is dominant, generically finite, and has degree 420.
The map φ appears previously in literature, and several results are known. Specifically, in general, one considers a fixed smooth degree d ≥ 3 hypersurface X in the projective space P n . Then there exists a natural rational map φ :P n P N d / /PGL(n) which sends a hyperplane section H ∈P n to the moduli of 1 the degree d hypersurface X∩H in H ∼ = P n−1 (with P N d ∼ = P(H 0 (P n−1 , O P n−1 (d)))). Beauville [5] proved that φ is non-constant for every smooth X, except for some examples in positive characteristic (see also McKernan [20] ). In characteristic zero, one expects that the differential of φ has maximal rank at a general point, in which case one says that the hyperplane sections have maximal variation in moduli. Harris-Mazur-Pandharipande [15, Thm 5.1] proved that for any smooth hypersurface X in P n such that n is much larger than d and k, the variation of k-plane sections is maximal. An improved bound was recently obtained by Starr [21] . Without any bounds, but only for generic X, van Opstall-Veliche proved that the hyperplane sections of X have maximal variation in moduli [22, Thm 1] . In particular, in our situation, it follows that, for a general smooth plane quintic D, the map φ is dominant. Thus, for dimension reasons, it makes sense to ask for its degree.
There are a number of problems similar to the one considered in this paper. For example, one can ask for the degree of the map φ for the variation of hyperplane sections of cubic threefolds (together with the quintic case, these are the only two examples where the dimensions of the source and the target of φ coincide). For the cases (d = 4 and n = 2) and (d = 3 and n = 3), the fibers of φ are positive dimensional, but one can restrict to a generic pencil of hyperplanes and obtain a finite mapφ : P 1 → P 1 . It turns out that in both these cases the corresponding degree is 12 (fact related to the theory of elliptic surfaces). For all other n and d, the dimension of the target of φ is much larger than the dimension of the source, but one can still ask for the degree of φ onto its image. More generally, one can produce similar problems by varying hypersurface sections instead of hyperplanes (e.g. one can count the conic sections of a plane quartic with fixed moduli).
We propose three different methods for solving the enumerative problem considered here. The common idea of all three methods is to degenerate the intersection D ∩ L to the case when L is tangent to D. It turns out that the difficulty of the problem is a subtle contribution to the degree coming from the flexes of D (N.B. the inflectional lines are the indeterminacy points of φ). The three methods use different techniques to handle this issue. In the first method, the classical approach, we explicitly resolve the indeterminacies of the map φ by using the stable reduction. Once this is done, we compute the degree of the map φ by comparing the self-interesection of the discriminant divisor ∆ in Sym 5 P 1 / /PGL(2) to the selfintersection of its pull-back. The contribution coming from the flexes is encoded in the multiplicities of exceptional divisors occurring in the pull-back of ∆.
The second method computes the degree by essentially lifting φ to a Σ 5 -cover. Specifically, we consider the morphism
is a closed subscheme of the space of degree 1 stable maps to P 2 where an order one contact is imposed at each marked point. One could think of M D 0,5 (P 2 , 1) as a space of relative stable maps (see Gathmann [11] ). Using deformation theory, we show that over a point of M 0,5 which corresponds to a three component curve, the morphism isétale. Then it is straightforward to count the number of preimages.
Finally, as noted in the first paragraph, the third method uses the GromovWitten theory of stacks to compute the degree. While this computation very quickly produces the degree of φ, we stress that the proof of enumerativity is not automatic, and depends on a result from the previous sections.
The difference between the three methods is that they compute the degree of slightly different maps. The relation between the first two is explained in section 2.5. The point is that in the stable map approach, one orders the five intersection points between the line and quintic, so that one obtains Σ 5 -covers of the source and target of φ (having the effect of killing the natural monodromy). Then, the stable map approach essentially incorporates, by construction, the stable reduction computation of the first method. In the third method, we use a stack of twisted stable maps K mapping to M 0,5 . The morphism we use in the second method is essentially obtained by passing to the coarse moduli space of K. To conclude, we can say that K and M D 0,5 (P 2 , 1) are successive refinements ofP 2 . With each refinement, the computation of the degree of φ becomes easier, but at the price of becoming more opaque and technically demanding.
We close by noting that we use the following genericity assumption in our proofs: D is smooth and every line in P 2 intersects D in at least 3 distinct points. When we say a general quintic D, we mean precisely this condition. In particular, D has no higher order flexes and no bitangent is also a flex. Thus, D has 120 bitangents and 45 flexes (see [13, pp. 277-282] ). On the other hand, we note that if D has higher flexes, the count from the main theorem might fail. A concrete example in this sense is the Fermat quintic, for which the degree of φ is 150 (see §1.4). A similar phenomenon (where the flexes influence the degree) was observed, in a somewhat related context, by Aluffi-Faber [3] .
First Method: The Classical Approach
The first method that we propose for the computation of the degree of the map φ is based on the following observation. Let f : X → Y be a generically finite map between two smooth surfaces. Then the degree of the map f can be computed by the formula
where ∆ is any divisor on the surface Y , and the square denotes the self-intersection of the corresponding divisors. We note that the formula is still valid when X and Y have at worst (finite) quotient singularities. Surfaces with quotient singularities are Q-factorial (i.e. every Weil divisor is Q-Cartier), and therefore the intersection and the pull-back of divisors still make sense. Essentially, the only difference to the smooth case is that the intersection numbers will be rational numbers, not necessarily integers.
We want to apply (1.1) in our situation, the computation of the degree of the map φ :P 2
Sym
5 P 1 / /PGL(2) defined for a fixed plane quintic D. To do this there are two steps. First, φ is only a rational map and we need to resolve it by successively blowing-up the surfaceP 2 in the points of indeterminacy of φ. The resulting mapφ will be a morphism of surfaces with at worst quotient singularities. The next step now is to identify a divisor ∆ in Sym 5 P 1 / /PGL(2) such that we can compute its pull-back viaφ. Once this is done the main theorem follows directly from the formula (1.1). The two steps are discussed in §1.2 and §1.3 respectively. 1.1. Invariants of binary quintics. The map φ sends a line L in P 2 to the moduli of the intersection D∩L, regarded as a quintuple of unordered points in P 1 . Here we collect a few standard facts about the moduli of quintuples as needed later. To start, we recall that a moduli space for unordered quintuples in P 1 can be constructed as the GIT quotient of Sym 5 P 1 ∼ = P 5 by the natural action of PGL (2) . A quintuple is stable if no three points coincide and unstable otherwise. In particular, the indeterminacy locus of the map φ :P 2
5 P 1 / /PGL(2) is the set of lines L which are tangent to D with multiplicity at least 3.
In the moduli space of quintuples we consider the discriminant divisor ∆, parameterizing quintuples such that two of the five points coincide. The following results about the space Sym 5 P 1 / /PGL(2) and the divisor ∆ are well known. . Proof. This is a classical result of the invariant theory for binary forms (see Elliott [10] ). Namely, the ring of invariants of binary quintics R G is generated by 4 elements I 4 , I 8 , I 12 and I 18 of degrees 4, 8, 12 and 18 respectively, satisfying a relation of degree 36. It then follows that Sym 
Proof. The claim of the proposition is of local nature, so we can concentrate on one indeterminacy point at time. Let o be such a point. The claim of the proposition is that the following sequence of 3 blow-ups resolves the indeterminacy at o. First, we blow-up o ∈Ď ⊂P 2 , next we blow-up the intersection of the exceptional divisor E 1 with the strict transform of the dual curveĎ, and then we do another blow-up of the point of intersection of the new exceptional divisor E 2 with the strict transform of E 1 and of the dual curveĎ (see figure 1 ).
Third Blow−up
First Blow−up Second Blow−up Figure 1 . The log resolution of the dual curve
To prove the claim we need to understand the behavior of arcs approaching o under the composition with the rational map φ.
Y be a rational map between two (projective) surfaces. Assume that X is smooth and o ∈ X is an arbitrary point. Then φ can not be extended to a morphism in a neighborhood of o iff there exist two analytic arcs f and g from the unit disk B to X with
).
. This data can be fitted in a degenerating family (X , D) of 5-pointed rational curves as follows. The family of lines can be trivialized to form the family X = P 1 × B → B, where B is the unit disk. Then, the binary quintics D t fit together to give a divisor D of relative degree 5 in X → B. To find the limit of the arc f is equivalent to doing stable reduction (see [16, §3 .C]) for (X , D). Namely, after a possible base change and some birational transformations affecting only the central fiber, we can transform (X , D) → ∆ into a family of stable 5-pointed rational curves (X ′ , D ′ ) → ∆. The new central fiber (a stable 5-pointed curve) is well defined and represents the limit lim t→0 φ(f (t)) via the identification discussed in Remark 1.3. The stable reduction procedure for a generic arc is illustrated in figure 2 Figure 2 . Stable reduction for a generic arc Note that the limit quintuple consists either of 4 distinct points, one of which is counted with multiplicity 2, or of 3 distinct points, two of them counted with multiplicity 2. In any case, the limit lim t→0 φ(f (t)) belongs to the discriminant divisor ∆ in Sym 5 P 1 / /PGL(2). It is easily seen that ∆ ∼ = P 1 , the coordinate being the j-invariant of the reduced configuration (j = ∞ corresponds to the case of two double points).
In coordinates, we can assume that L 0 is given by the equation (x 2 = 0) and the quintic D by the equation (x 3 0 (x 0 − x 1 )x 1 + x 2 f 4 (x 0 , x 1 , x 2 ) = 0) with respect to some choice of coordinates (x 0 : x 1 : x 2 ) on P 2 (N.B. (0 : 1 : 0) ∈ P 2 is a flex of D). The assumption that D is smooth gives that f 4 (0, 1, 0) = 0. Without loss of generality, we can further assume f 4 (0, 1, 0) = 1. The family of lines (L t ) have the equations (x 2 = α(t)x 0 + β(t)x 1 ) for some power series α(t) and β(t) with α(0) = β(0) = 0. By substituting, we get a family of binary quintics:
, where t is an affine coordinate t for the base ∆ and (x 0 : x 1 ) are homogeneous coordinates for the fiber P 1 . With these notations the divisor D is given by the equation (1.6). We now proceed to the explicit computation of the stable reduction:
Step 1 (Computation for the first blow-up). We claim that after the blowup of the cusp at o, the only indeterminacy point is the intersection point of the exceptional divisor E 1 and of the strict transformD of the dual curveĎ.
By using lemma 1.5, this can be reformulated in terms of arcs as follows. Let α(t) = α 0 · t n + (higher order terms) and β(t) = β 0 · t n + (higher order terms) correspond to an arc f : ∆ →P 2 (with either α 0 = 0 or β 0 = 0). The claim is equivalent to saying that if β 0 = 0, then the limit lim t→0 φ(f (t)) depends only on the fraction α0 β0 and not on the arc f (N.B. (α 0 : β 0 ) is the coordinate on the exceptional divisor E 1 ). In fact, as long as β 0 = 0, we obtain that the limit configuration is a quintuple with j-invariant 0 in the sense explained above.
After a possible base change (of type t → t 3 ) we can assume:
with β 0 = 0. The equation (1.6) becomes:
Next, we rewrite the above equation w.r.t. the affine coordinates x = x0 x1 and t around the point p = ((0 : 1), 0) ∈ X . We get:
After a weighted blow-up at p:
we obtain a stable model, with the central fiber consisting of 2 rational curves L 0 and E as in figure 2 . By contracting L 0 we obtain a semi-stable quintuple of points in E ∼ = P 1 . It will consist of a double point (coming from the contraction of L) and three other distinct points. To compute the j-invariant of the reduced quadruple of points we do the following computation. On E ∼ = P 1 we have the coordinates (u : v). The line L 0 meets E in the point at ∞ = (1 : 0). The remaining 3 points of intersection of D with E are obtained by doing the blow-up computation, i.e. set x = u · t k (i.e. v = 1), divide by t 3k , and then set t = 0. We obtain (1.9)
Thus on E we obtain the double point ∞ together with the 3 cubic roots of the constant −β 0 = 0. This configuration has the j-invariant equal to 0. This concludes the first step (i.e. β 0 = 0 implies that the limit is independent of the arc and, in fact, has j-invariant 0).
Step 2 (Computation for the second blow-up). We consider now the second blow-up. This corresponds to studying the limit quintuple for arcs of type α(t) = α 0 · t n + (higher order terms) and β(t) = β 0 · t m + (higher order terms) with α 0 = 0 and m > n. We claim that if n ≤ m − n or β 0 = 0 the limit does not depend on the arc, and it has invariant j = 1728. In other words, after the second blow-up the only point of indeterminacy is the intersection of the two exceptional divisors E 1 and E 2 (which is also a point on the strict transformD).
The computation is similar to that from step 1. First, after a possible base change, we can assume n = 2k. As before, we get:
(under the assumption m − 2k ≥ 2k > k). As in the first step we get that the semi-stable quintuple consists of the points 0, ∞ (counted with multiplicity 2), and ± √ −α 0 on E. This configuration has j-invariant 1728 and the claim follows.
Step 3 (Computation for the third blow-up). As in the previous step, we have to consider arcs of type α(t) = t n + (higher order terms) and β(t) = β 0 · t m + (higher order terms) with m > n and β 0 = 0. Since m ≥ 2n was handled in the previous step, it remains to consider the case n < m < 2n, corresponding to arcs that pass through the intersection point of E 1 ∩ E 2 after the second blowup. It is easily seen, by computations similar to those from steps 1 and 2, that if 3n < 2m the limit quintuple has j = 1728, and respectively if 3n > 2m the limit quintuple has j = 0 (these arcs correspond to the points of intersection of E 3 with E 1 and E 2 respectively). Thus, it remains only to consider arcs with 3n = 2m, i.e. α(t) = α 0 · t 2k + (higher order terms) and β(t) = β 0 · t 3k + (higher order terms) with α 0 = 0 and β 0 = 0. A blow-up of type x · v = t k · u gives after simplification the equation:
The limit quintuple consists of the point ∞ (counted with multiplicity 2) together with the roots of the previous equation. If the discriminant 4α 3 0 + 27β 2 0 vanishes, we get a configuration of 3 distinct points, two of which are counted with multiplicity 2. Otherwise, we obtain that the j-invariant for the limit is 1728 . On the other hand, a simple computation shows that the arc given by (α(t), β(t)) hits the exceptional divisor E 3 in the point of coordinates (α 3 0 : β 2 0 ). Thus, the map φ can be extended to E 3 giving a morphism φ :P 2 → Sym 5 P 1 / /PGL(2).
In conclusion, for a general quintic (having no higher flexes), the map φ can be resolved by blowing-up three times each of the cusps of the dual curve. As a result, we obtain for each cusp o i three exceptional divisors E
3 ) 2 = −1 andD 2 = 130 (N.B. the dual curveĎ has degree 20 inP 2 ). 
1.3.
Computation for a general quintic. For the computation of the degree of the map φ it is natural to apply the formula (1.1) to the morphismφ and the discriminant divisor ∆ in Sym 5 P 1 / /PGL(2). The essential idea is that, for geometric reasons, it is not hard to compute the pull-backφ * ∆.
Proposition 1.12. With notations as in the previous section, we havẽ
.
In particular, φ * ∆ 2 = 280.
Proof. It is easy to see that, set theoretically, the inverse image of ∆ underφ consists of the strict transformD of the dual curve and of the exceptional divisors E (i) k (for k = 1, 2, 3 and i running over the cusps ofD):
. The deformation results from §2.3 (esp. Cor. 2.5) say that φ is unramified at a generic point of the dual curve. Therefore, the coefficient of D inφ * ∆ is precisely 1, and we can writẽ
for some rational numbers a i , b i and c i . Recall that for a morphism f : X → Y we have the projection formula (see [17, pg. 426, A.4] ):
where α and β are divisors on X and Y respectively. By applying the projection formula for α = E
1 and β = ∆ and noting that f * E (i)
Similarly, α = E 3 , we get
Therefore, c i = 2 and the proposition follows.
In conclusion, we obtain a proof of the Main Theorem: 
). It is easy to see that the first two maps are morphisms of degree 25 and 6 respectively, while the third map is a birational isomorphism of W P(1 : 2 : 3). The claim follows.
Second Method: The Stable Map Approach
We now demonstrate the main theorem using the moduli space M 0,5 (P 2 , 1) of degree 1 genus 0 stable maps into P 2 with five marked points. Note that this moduli space is actually a scheme, since none of the maps have nontrivial automorphisms. We begin by defining a closed subscheme
by the condition that the pullback of D is the sum of the marked points. When the source curve is reducible, we impose this condition on the degree one component.
Then we analyze the forgetful morphism M D 0,5 (P 2 , 1) → M 0,5 , whose degree is the same as that of the rational map φ in the Main Theorem. We compute its degree by showing that it isétale over any point of M 0,5 corresponding to a curve with three components. It is then straightforward to count the number of preimages of such a curve.
The subscheme M D 0,5 (P 2 , 1) agrees with a space of relative stable maps M D α (P 2 , 1) as defined by Andreas Gathmann [11] , with α = (1, 1, 1, 1, 1) . He defined them for genus 0 maps relative to a very ample divisor. In positive genus, an algebrogeometric definition was given by Jun Li [18] . In the case we are interested in, it is not hard to construct the space by hand and work out the deformation theory we need directly. The fact that any degree 1 genus 0 stable map has a "main component" which does not map into the quintic D means that we can compare D with the marked points on this main component and see whether they are equal. This condition cuts out a locus of M 0,5 (P 2 , 1) scheme-theoretically. In fact, this point of view gives us a functor from schemes to sets which sends a scheme S the set of degree 1, genus 0, 5-marked stable maps to P 1 over S where the condition "D = marked points" is verified after collapsing all degree 0 components in the fibers of the curve over S. From this, we can compute the tangent space to our subscheme by applying this functor to the spectrum of C[x]/(x 2 ). This is implicit in our calculation of the deformation spaces and helps us show that the map M 
Definition of
in such a way that the projection to M 0,n (P 2 , 1) is the map forgetting the last marked point and the universal morphism f n : C 0,n (P 2 , 1) → P 2 is the evaluation map e n+1 . We have a commutative diagram.
The horizontal arrows forget the first 5 marked points and s i is the ith section, 1 ≤ i ≤ 5. Note that M 0,0 (P 2 , 1) is justP 2 , and C 0,0 (P 2 , 1) is the flag variety of points and lines in P 2 . Let 
Using this definition, we claim that
whose dimension at each point is at least two. First note thatC 0,5 (P 2 , 1) is the projectivization of a rank 2 vector bundle over M 0,5 (P 2 , 1). Therefore Hilb 
is finite away from the flexes of D. Over the flexes, the fibers are at most one dimensional. Therefore, the dimension of M D 0,5 (P 2 , 1) cannot be larger than two.
Deformations fixing a divisor.
Here we prove an easy lemma, which is essential for the deformation-obstruction theory of relative stable maps (see GraberVakil [12, 2.8] ). This lemma is well-known and often left as an exercise, but we include a proof for completeness. 
Proof. Recall that E is the kernel of the natural morphism
, and is locally free of rank 2. Since
Suppose we have a first order deformation of f : X → Y fixing X and Y . This corresponds to an element ξ ∈ H 0 (X, f * T Y ). We need to show that ξ preserves f * D if and only if the image of ξ in
) is zero. This is local, so assume Y = Spec R and X = Spec S. Let ψ = f # : R → S, and let α ∈ R be an equation for D. Then ψ(α) = 0 by assumption.
The first order deformation R → S[ǫ]/(ǫ 2 ) corresponding to ξ ∈ Der k (R, S) is given by r → ψ(r) + ξ(r)ǫ.
This preserves f * D if and only if there is a unit u ∈ S[ǫ]/(ǫ 2 ) such that uψ(α) = ψ(α) + ξ(α)ǫ. Since S is a domain and every element of the form 1 + vǫ is a unit, this happens if and only if ξ(α) is in the ideal generated by ψ(α). This is equivalent to ξ mapping to zero in
, where x i are the marked points. Let C 0 ⊂ C be the degree 1 component. Since C 0 intersects D at least three times, and each intersection point is either a node or marked point of C 0 , it follows that C 0 has at least three special points. It is well-known that H 1 (C, f * T P 2 ) = 0 for any genus 0 stable map. Thus we have an exact sequence.
is the tangent space to M 0,5 at (C, x 1 , . . . , x 5 ). We investigate whether the morphism
has a nonzero kernel. An element of the kernel corresponds to a first order deformation of C which fixes both C and f * 0 D, where f 0 = f | C0 . By Lemma 2.2, the kernel is identified with H 0 (C 0 , f * 0 E), where E is the kernel of T P 2 → O D (D). Since f * 0 E is a rank 2 degree −2 vector bundle on C 0 ∼ = P 1 , we have the following. If v = P (x)∂/∂x + Q(x)∂/∂y is a local vector field along C 0 , then v is a local section of f * 0 E if and only if v(y − g(x)) belongs to the ideal generated by g(x) (by definition of E). Up to a normalization factor, this means that x k−1 P (x) is congruent to Q(x) modulo x k . It now follows that the fiber of f * 0 E at x = 0 has as a basis the images of ∂/∂x + x k−1 ∂/∂y and x∂/∂x. Let F ⊂ T C0 be the subsheaf consisting of sections which vanish at every intersection point with D. By hypothesis, there are exactly three intersection points, so F ∼ = O C0 (−1). It follows from the local computation that we have an injection F → f * 0 E whose cokernel is locally free. For the second part of the corollary, note that at a general point of the boundary divisor in M 0,5 , the isotropy subgroup of Σ 5 fixing both that point and any of its preimages is the µ 2 which interchanges the two marked points which are isolated on a component. This means that the property of beingétale is preserved after taking quotients by Σ 5 . Remark 2.6. From the results of this section, we can say a little more about the ramification divisor of φ, namely that it is a curve of degree 12 inP 2 . For this we use a result of Barth [4] which characterizes the set of jumping lines of a vector bundle in projective space. From it, one can deduce that the set of jumping lines of E (lines L for which the restriction E| L does not split into O L (−1) ⊕2 ) form a curve of degree 12. One must be careful with the isotropy groups to make sure that φ does not have extra (divisorial) ramification which is not present in the Σ 5 -cover, but this is not hard. Proof. Let C be the curve in figure 3 . Any preimage of C intersects D in exactly three points, so is either a bitangent or a flex. By Propositions 2.3 and 2.4, the morphism isétale over C, so the degree of the morphism is the number of preimages of C. Each bitangent counts twice since the components mapping to the tangent points can be interchanged. Each flex counts four times, since either of two components can map with positive degree and the marked points on that component can be interchanged. So the degree is 2 · 120 + 4 · 45 = 420.
We now compare this with the Main Theorem. There is a forgetful morphism
which is fixed by the Σ 5 action permuting the marked points, so it induces a morphism
So we have the following commutative diagram:
whereφ is the composition of the induced morphism M 
To see this one should note that each flex of D gives 2 quotient singularities, of types figure 4b , the µ 3 which cyclically permutes markings 3,4, and 5 does not change the curve, because it is the same as multiplication by ω on P 1 (with ω = e 2πi/3 ). 
Third Method: Gromov-Witten for Stacks
Finally, we sketch a method of computing the degree of φ which relies on the degeneration axiom for twisted Gromov-Witten invariants. A statement and proof of this axiom can be found in Abramovich, Graber, and Vistoli [1, Prop. 5.3.1] .
Recall that in their most general form, Gromov-Witten invariants are multilinear maps whose inputs are cohomology classes in the target space, and whose output is a cohomology class in the moduli space of marked curves (see Manin [19, III.5] ). Here we use the word 'cohomology' to mean the Chow group modulo numerical equivalence. The degeneration axiom says what happens when the output is intersected with the boundary of M g,n (see [19, III.5 
.2.iii]).
Our target is the stack X := P 2 D,r for some integer r ≥ 4. This stack is locally the quotient of a cyclic r-sheeted cover of P 2 ramified along D by the Galois action. Such a cover only exists locally, but they glue to a global stack (see Cadman [7] for details). The inputs for the Gromov-Witten invariants of a stack are cohomology classes on its inertia stack. For simplicity, we'll use the cohomology of the inertia stack's coarse moduli space instead. This has r components, one of which is P 2 and the other r − 1 of which are isomorphic to D. We use the notation X 0 for P 2 and X i for the remaining components, 1 ≤ i ≤ r − 1. Let α i be the fundamental class of X i , and let β i be the class of a point on X i .
These r components should be thought of in the following way. Let K 0,5 (X, 1) be the stack of 5-marked twisted stable maps to X of degree 1 and genus 0. Given such a map F : C → X, the j-th evaluation map sends this map to the pair (F (x j ), ρ F,j ), where x j ∈ C is the jth marked point, and ρ F,j is the reduction mod r of the order of contact between the coarse curve of C and the divisor D at the marked point x j . If ρ F,j is positive, then F (x j ) is a point of D, so the pair (F (x j ), ρ F,j ) is a point of X ρF,j . Otherwise, it is a point of X 0 . This leads to the idea that using the class α i as an input in a Gromov-Witten invariant is the same as imposing an ith order contact with the curve D at an arbitrary point. To use the class β i is the same as imposing it at a fixed general point of D. For more details see Cadman-Chen [8] .
This leads one to speculate that the degree of the morphism φ from the introduction should equal the Gromov-Witten invariant I X 1 (α 5 1 ). The notation means that we look at degree 1 (genus 0) stable maps into X, pull back the class α 1 once for each of five evaluation maps, and push forward the resulting class to M 0,5 . This yields a degree 0 cohomology class, which we identify with an element of Q. Proof. The degeneration axiom allows us to compute the following. Note that it is important that r ≥ 4. Proof. Let K ⊆ K 0,5 (X, 1) be the intersection of the preimages of X 1 under all five evaluation maps. The theorem shows that the morphism K → M 0,5 has degree 420. It suffices to see that the morphism K → M 0,5 (P 2 , 1) maps K birationally onto M D 0,5 (P 2 , 1), since then one recovers Theorem 2.7. First, from the fact that r ≥ 4 and that D ⊂ P 2 is general, one can deduce that for every map F : C → X in K, every preimage of a point of D is a twisted point (untwisted points only occur when r divides the order of contact). Moreover, it is not hard to see then that K → M D 0,5 (P 2 , 1) is a bijection. We claim that it is an isomorphism away from the boundary. Suppose F : C → X is a twisted stable map with C irreducible. Let E be the pullback to X of the sheaf of logarithmic vector fields on P 2 relative to D (which is the same as those on X relative to the gerbe over D). By Cadman [6, 3.4 .3], we have isomorphisms
Since the deformation theory of C coincides with that of its (marked) source curve, the claim follows from Lemma 2.2. This shows that K maps birationally onto M D 0,5 (P 2 , 1), which completes the proof.
